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Abstract 
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equivalence between the self-dual and Maxwell-Chern-Simons models with Lorentz symmetry 
breaking. As a result, new kinds of Lorentz-breaking terms arise. 
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I. INTRODUCTION 



The hypothesis about the possibility of the Lorentz symmetry breaking is an important 



ingredient o 
cosmic rays 



the modern quantum field theory. Being initially inspired by the study of the 
J] , further it received more solid motivations from cosmological studies {2] and 



development of the noncommutative field theory [3]. The Lorentz symmetry breaking was 
shown to have a lot of important physical conclusions, such as possibility of arising of new 
classes of terms in Lagrangians [4J , modification of the dispersion relations, birefringence 
of light in a vacuum and rotation of plane of polarization of light in a vacuum (some 
papers devoted to these results are given in Q]) and many other consequences. 

Most of these implications of the Lorentz symmetry breaking were obtained in four- 
dimensional space-time where the electrodynamics with Jackiw term (see f.e. (]]) plavs 
the role of the standard Lorentz-breaking theory whose different aspects were studied in [7] 
(nevertheless, the Lorentz breaking was studied also for other four-dimensional theories, 
such as, for example, linearized and non-linearized gravity 8J). At the same time, there 
is much less results for the Lorentz-breaking theories in other space-time dimensions, the 
only results are the study of compactification of the five- dimensional Lorentz-brea king 
theories [2|, the study of two-dimensional Lorentz-breaking model for the scalar fields 10] 
and investigation of some phenomenological implications of the three-dimensional " mixed" 
scalar-vector quadratic term [ll| which was earlier obtained via the dimensional reduction 



of the Jackiw term 
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So, the natural problem is the investigation of more aspects 
of the lower-dimensional, especially three-dimensional, Lorentz-breaking field theories. 

One of the important phenomena taking place in three-dimensional field theories is 
the duality between self-dual and Maxwell-Chern-Simons theories 14]. Different aspects 
;he duality (including the supersymmetric case) were studied in a number of papers 



of 
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Il7j ] (it should be noted that the duality of the four- dimensional theories, which 
must involve Lorentz symmetry breaking was also studied, see 18j|). Thus, it seems to be 
that the very interesting problem is the generalization of a duality for the Lorentz-breaking 
theories. This problem is the main object of study in this paper. Here we construct the 



2 



orentz-breaking analog of the self-dual model, carry out the gauge embedding algorithm 



171 ] and develop the master action approach 16| and obtain a new Lorentz-breaking 



theory whose important ingredient is the "mixed" scalar- vector quadratic term. 

II. DUAL EMBEDDING FOR FREE LORENTZ-BREAKING SELF-DUAL 
MODEL 

Let us introduce the following Lagrangian for the three-dimensional self-dual model 
with Lorentz symmetry breaking: 

771 771^ 1 

£ = j^fAfp - + + 2m^/ M . (2.1) 



This Lagrangian is quite similar to that one used in the first paper [17J treating 
nonsupersymmetric theory. However, it has an essential difference, that is, the Lorentz 
symmetry breaking is implemented via the term 2m(f)v tJ, f tl , where the constant 3-vectors 

introduced the preferred frame in the space-time. 

The Lagrangian equations of motion for this model look like 

me^ p d v f - m 2 /„ + 2m0v„ = (2.2) 

Now, we turn to study of duality between the self-dual and Maxwell-Chern-Simons 
(MCS) models with Lorentz symmetry breaking. To establish the equivalence of these 
theories, we use the iterative gauge embedding procedure )\\ . This is done by extension 
of the original Lagrangian by the additive terms depending of the Euler vectors K^, i.e. 
the left-hand sides of the equations of motion: 

£ - £ + F(K fl ) (2.3) 

where the original Lagrangian is given by (12.11) . and F^K^) is such that F(0) = 0. 

The variation of the Lagrangian (12.11) with respect to f ^ leads to the Euler vectors K^. 

= -m 2 / M + me^djp + 2m0t» M , (2.4) 
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with the equations of motion are given by the condition = 
Let us follow the gauge embedding approach similarly to 



17l |. Since our aim is to 



obtain the gauge invariant theory, let us suggest that the desired gauge transformation 
for the vector field f p be Sf p = d p e, with e is a parameter of gauge transformations. Thus, 
the variation of the Lagrangian under these transformations is 5C = K^d^e. Then, we 
introduce the first-order iterated Lagrangian 

= C - A"K p , (2.5) 

where A M is a Lagrange multiplier. We suppose the gauge transformation for the A M to be 
(JA^ = d^e which we choose to cancel the variation of C (cf. Thus, the variation of 

£W under the gauge transformations is SCS 1 ^ = —A^ l 5K p ; since 5K^ = —m 2 d p e, we find 
5C (l) = m 2 A^e = ^-5(A^A M ). To cancel this term, we add to the La grangian the term 
— ^-^(A^A^), thus obtaining the second-order iterated, gauge invariant Lagrangian 

2 

£ (2) = £ _ _ ^-A^A M , (2.6) 

which after elimination of the auxiliary field A M via its equations of motion (which look 
like = —m 2 A fl ) gets the form 

I 711 I 

= -F^F" - -e^A,F up + -d^d^ + ^v,F up + 20 V- (2-7) 
where we have renamed, f^-^A^, to reflect the invariant character of the theory. Here 

F m = l e ^F va , (2.8) 

is the dual of the tensor F va . Thus, we succeeded to construct the dual projection of the 
Lorentz-breaking self-dual model. 

To establish the duality, it remains to compare the equations of motion for the matter 
sector of both models, that is, self-dual one (12. ip and the Maxwell-Chern-Simons one 
(12. 7p . The equations of motion to the scalar field, <fi, of the self-dual model reads, 

d^<P = 2mv p r. (2.9) 



From the MCS model we find the equations for the field <f), 

1 (2-10) 



h — v 11 

m m 



Comparing the right-hand sides of these equations, we finally obtain that the correct map 
from self-dual model to the Maxwell-Chern-Simons one which is given by the following 
relation between the vector fields of two models: 

— + —v». (2.11) 

m m 

Thus, the constructing of the dual mapping of the Lorentz-breaking self-dual model and 
the Lorentz-breaking Maxwell-Chern-Simons model is complete. 

It is also interesting to study dispersion relations of the Maxwell-Chern-Simons theory 
we obtained and the self-dual theory. First we turn to the Maxwell-Chern-Simons theory 



we obtained. We note that the theory studied in [12(] involves a massless scalar field, 
thus, our result will differ from that one from |l2] reproducing last one in the case of the 
light-like v M . 

Using the coefficients ( 1A.7[) and ( 1A.9I) of the expansion of the propagators (see 
Appendix), we find that the dispersion relations corresponding to the propagator of 
the Maxwell-Chern-Simons theory are: first, common Lorentz-invariant massless one, 
E 2 = p 2 , second, common Lorentz-invariant massive one E 2 = p 2 + m 2 , third, for the 
space-like or light-like v^, also the Lorentz-invariant one E 2 = p 2 + 4t> 2 , fourth, the 
Lorentz-violating one, produced by the condition TZ = 0: (E 2 —p 2 — m 2 )(E 2 —p 2 — M 2 ) + 
v 2 (E 2 -f) + (v-p- v E) 2 = 0, with M 2 = Av 2 . 

For the self-dual theory, the corresponding dispersion relations are again first, common 
Lorentz-invariant massless one, E 2 = p 2 , second, common Lorentz-invariant massive one 
E 2 = p 2 + m 2 . However, third dispersion relation, unlike of the Maxwell-Chern-Simons 
case, is also the Lorentz-invariant one (E 2 — p 2 ) 2 — (E 2 — ^)m 2 + 4m 2 v 2 = 0. Thus, 
one can conclude that the physical states in the self-dual theory are Lorentz-invariant, so, 
dual embedding of the self-dual theory modifies the dispersion relations in a nontrivially 
Lorentz-breaking way whereas in the case of the self-dual theory the dispersion relations 



are Lorentz invariant, the only impacts of the Lorentz-breaking vector is in the 
numerator of the propagator and in the modification of the mass. From a formal viewpoint 
this is related by the fact that in the self-dual theory the enters the denominator only 
in the form of an invariant square v 2 whereas in the case of the MCS theory - within the 
object T^Tjj which evidently introduces the preferential directions. At the same time, it 
should be noted that difference of the mass spectra of the dual theories is not an unusual 
fact since only the physical sectors of spectra of the dual theories must coincide. 

Indeed, the propagators of the both theories, being both of the form A (1A.4I) . but 
with different M^ u and T^, are the Hermitian operators which can be simultaneously 
transformed to the diagonal form. Afterwards, the dispersion relations do not change, 
persisting to be of the same form as above. Imposing an appropriate gauge for the 
Maxwell-Chern-Simons theory and solving constraints for the self-dual theory, we can 
eliminate the irrelevant degrees of freedom corresponding to the nonphysical sector, thus 
remaining with the only physical particles whose dispersion relations in both theories look 
like E 2 = p 2 and E 2 = p 2 + m 2 , for two physical degrees of freedom. The detailed study of 
the unitarity and causality aspects of the Lorentz-breaking Maxwell-Chern-Simons the ory 
(12. 7ft within which the nonphysical sector is shown to decouple, was carried out in 12] 
for the case of the M 2 = which corresponds to the case of the light-like v M , and can be 
straightforwardly generalized for the case M 2 ^ (see also 19j for general issues related 
to the problems of unitarity and causality in Lorentz-breaking theories). 



III. DUAL EMBEDDING FOR THE LORENTZ-BREAKING SELF-DUAL 
THEORY COUPLED TO THE SPINOR MATTER 

Let us extend the self-dual Lorentz-breaking model via coupling of the vector field to 
the extra spinor matter. So, we introduce the current = 'tftj^ip, hence the Lagrangian 
be 

771 777^ 1 

£ = W P - —UF + ^ W + 2m^% + f%- (3-1) 
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The corresponding Euler vector for the vector field is 

K p = me^ p d v f - m 2 ^ + 1m6v p + V (3.2) 

We can proceed with the gauge embedding algorithm as in the previous section. As a 
result, we arrive at the following second-order iterated Lagrangian: 

! 777 S 

= ^F" - j^A p F up + -d^d^ + 4>e^v p F up + 

+ + + + 2 AX- ( 3 - 3 ) 

We find that, due to coupling of the vector field to the spinor field, we find, first, a 
Thirring-like current-current interaction, second, a "magnetic" coupling of the matter to 
the vector field, third, a new, Lorentz-breaking coupling of the spinor matter to the scalar 
field. 

In this case, the analog of the dual mapping (12. lip looks like 

/" - — + - V + —f, (3.4) 

m m m z 

thus, the dual projection of the self-dual field depends on electromagnetic field, spinor 
matter and Lorentz-breaking vector. We note that for the spinor matter current j 11 , 
generalization for the noncommutative case is straightforward. 

IV. DUALITY OF TWO MODELS WITHIN THE MASTER ACTION 
APPROACH 

Let us show the duality of the self-dual Lorentz-breaking model coupled to the matter 
( 13. ip and of the Maxwell- Chern- Simons Lorentz-breaking model coupled to the matter 



(13. 3p in a way similar to 16|. First of all, we find that there is a dual identification 



— * — F M , as in 15]. Second, to confirm the duality we can introduce a master 
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Lagrangian 

TfP 1 711 ! 

Cmaster = ~ F U + ~ -FM„ + -d^d^ + f^m^ + f) - 

- y^ a " )2 - (4 - 1} 

If one integrates over the fields / M , the result be 

+ ^Cf + 2m<K)(^ + 2m^) + \d^d^, (4.2) 

which reproduces the Lagrangian (13. 3ft . 

At the same time, if one integrates over the fields A M , one arrives at 

-Cffi = f* 1 + je^f,dj p + / M (2m«K + j") + ifl M (4.3) 

which reproduces the Lagrangian ( 13.11) . Thus, we confirmed the duality of these theories. 
It is clear that after the integration over the remaining vector fields they imply in the 
same generating functionals, that is 

Z\jA] = exp^m^+^^^r^- 

+ '-d^A . (4.4) 

Thus, the proof of equivalence is completed. Indeed, we have shown that the Lagrangians 
( 13. II) and ( 13. 31) imply in the same quantum dynamics. 



V. SUMMARY 



Let us discuss our results. We succeeded, via the gauge embedding method, to 
construct a new Lorentz-breaking theory described by the Lagrangian ( 12. 7p . with further 
this duality was confirmed via master action approach. First of all, we find that it involves 
not only the massive term for the vector field, which is the well-known Chern-Simons 
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term (the similar situation takes place in the Lorentz- invariant case 171]). but also the 
massive term for the scalar field, that is, the last term in eq. (12.71) . which is fundamental 
to maintain the contents of the scalar sectors unchanged, thus, the gauge embedding 
generates the mass both for the vector field and for the matter field. Second, it includes 
the desired "mixed" scalar- vector term H[ (t>^ vp v^F vp which earlier was obtained via 
dimensional reduction 12]. 

This "mixed" term possesses the "restricted" gauge symmetry, that is, only the vector 
field is transformed under the gauge transformations whereas the matter field remains 
unchanged. However, this is very natural since the gauge embedding algorithm requires 
that the ma «e r held S ho uld he changed Q. ladeed , even in the Lorentz-invariant 
theories the action obtained after the gauge embedding procedure also possessed only 
restricted gauge symmetry, thus, the "restricted" gauge invariance of the theory obtained 
in this case is very natural. 

We have studied the dispersion relations for two theories and found that, in 
the Maxwell-Chern-Simons theory, a nontrivial Lorentz-breaking modification of the 
dispersion relations takes place whereas in the self-dual theory, the dispersion relations 
do not involve Lorentz symmetry breaking, thus, the dual embedding increases Lorentz 
symmetry breaking. 

The natural continuation of this study would contain, first, in more detailed study of 
the phenomenological applications of the new "mixed" term, second, in its generation via 
an appropriate coupling of the vector and scalar fields to the spinor matter, similarly to 
fj. 

APPENDIX 

In this Appendix, we derive the propagators of the Lorentz-breaking self-dual and 
Maxwell-Chern-Simons theories. 

We start with the Maxwell-Chern-Simons theory whose action (12. 7p is gauge invariant. 
To obtain the propagator, we add a simplest Feynman-like gauge fixing term L g f = 
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— ~(<9 ■ A) 2 , thus, the Lagrangian takes the form 

C fjed = \ A ^ U + me^d p )A v - ~0(D - 4v 2 )<f> + 2cf>e^v fl d v A p . (A.l) 

We can find a propagator in a manner similar to [ljj. Indeed, the Lagrangian can be 
presented in the matrix form 




—T u -D + M 
Here M 2 = 4v 2 , the signature is ( — h +) and 

M pv = D9 pu - mS pu + -uv (A.2) 

(after the calculations we put £ = 1), and T v = S pv v^, = e flX ud x , 6 pv = rj^ - u^, 
^ixv = ^j 1 . The operator determining the theory is 

p = [ " . (A.3) 

\-T v — □ + M 2 J 

The corresponding inverse operator is 

_! 1 ( -U + M 2 T M \ 

A = P = "(D-M^-T^ ^ M pv J (A ' 4) 

From here we can find the propagators 

< AM" > = (An)"" = [(□ - M 2 )M M1 , - T^TA'^D - M 2 ) 
< 00 > = A 22 = [(□ - M 2 )M^ - T^TA^M^ 
<A^> = - < 0^ >= A? 2 = = -T V [(D - M 2 )M pv - TjX]" 1 . (A.5) 

Thus, all propagators can be expressed in terms of the operator A = [(□ — M 2 )M pu — 
T I1 T V \~ 1 which we also use to find dispersion relations. Thus, we face a problem to obtain 
;his operator, that is, to solve an equation PA = 1. To do it, we use an ansatz similar to 



+ agV + a 10 ^ va + on* ", (A.6) 
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where = v^T v , = v^v u , Y,^ = v^d u , $^ = Tpd v , A = v^d^. 
After straightforward but quite tedious calculations we find: 

1 m 2 A 2 



□ (□ — M 2 ) □(□-m 2 )(D-M 2 )^' 

°3 = 7^7^ ^V7^ TT^'i a 4 : 





1 




(□- 


M 2 )(U- 


rrr) 




m 




□(□ 


-m 2 )(n 


— M 2 ) ' 




1 




(□- 


m 2 )(D - 


M 2 )VS 




m 2 A 




□(□ 


-m 2 )(U 


-M 2 )K 



2 

m 



□ (□ — m 2 )(D — M 2 )VJ 
m 

" — : 06 " (D-m^D-M 2 )^ ° 7 " " ae; (A - 7) 

mA 

fl 8 = RTFi o\ /n 1 fo\-n i fl 9 = _ fl 8! a 10 = — 1 



□ (□-m 2 )(D-M 2 )^' 
an = — aio- 



Here 71 = (□ - M 2 )(D - m 2 ) - T 2 . One can verify that for M 2 = 0, the result of [12], 
where the detailed study of the unitarity, causality and splitting of degrees of freedom 
into physical and nonplysical ones in the theory governed by this propagator (but with 
M 2 = 0) is carried out, is reproduced. 

Applying the similar method to the self-dual theory with the action (12. ip . we find that 
the operator determining the quadratic action of the theory is given by the expression 
(IA.2p . with and P M are 

Mfn, = mS^ - m 2 (9f, u + u^), (A. 8) 

and = 2mv fl and M 2 = 0. In this case the propagators are given by (1A.5I) . with 
M 2 = as we had already noted and M^ v is given by (1A.8I) . The key role is played by 
the operator A whose expansion again has the form ( 1A.6[) . Solving again the system for 
the coefficients aj we find 

1 1 A 



ai = 57-; a 2 



□(□-m 2 )' m 2 U m 2 (n-m 2 )K' 



1 1 



fl3 mU{U-m 2 Y ° 4 □(□-m 2 )7l' 

1 1 1 

(25 — — : clr — — ; clj — — ; 

□ (□ -m 2 )K m(U-m 2 )n m(D - m 2 )TZ 

1 A 1 

a 8 — ~~77~, r7~ZT) a 9 — — -77- a 10 



□ (□ -m 2 )n m 2 (n-m 2 )K m(D - m 2 )K 
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an = =r, (A.9) 

mUin-m 2 )TZ 

where 1Z = D 2 — Dm 2 — T 2 , which is similar to the case of the MCS theory, but with 
other T M (applying the definition of the propagators (1A.5|) for M = 0, we find that the 02 
contribution will generate a contact term which is known to present always in self-dual 
theories 
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